Quantum confinement is studied by numerically solving time-dependent Schrödinger equation.
I. INTRODUCTION
Ordinarily in usual stationary-state problem within quantum mechanics, a constraint is imposed on wave function that it should vanish at infinity. However, in some cases, it may be desirable to consider a bounded or enclosed system by requiring that the same vanishes on surface of a finite region of space. Such confinement situation in a quantum system was first attempted in 1937 [1] to model the effects of pressure on energy, polarizability and ionization potential of hydrogen atom inside a spherically impenetrable cavity. This was followed by the works of [2] , where solution of a spherically confined hydrogen atom (CHA) was reported using confluent hyper-geometric functions. Properties of a confined quantum system (such as many-electron atom or molecule) differ substantially from their free or unconfined counterparts. In recent years, models of quantum objects spatially confined by different external potentials have received tremendous attention from various areas of physics, chemistry and biology. Practical applications include atoms, molecules trapped inside cavities, zeolite channels or hollow cages of carbon-based nanomaterials such as endohedral fullerenes; neutral, charged donors in semiconductor wells; excitons enclosed in quantum dots; artificial atoms, etc. They are also used as important models for vibronic spectra of point defects, impurities or luminescence in solids, magnetic properties of electron gas in semiconductor nanostructures, thermodynamic properties of non-ideal gases, partially ionized plasmas, etc. Further, they also hold promise for potential applications in circuit devices of nano and molecular sizes including quantum computers. The literature is vast; some of these could be found in following elegant references, [3] [4] [5] .
Two most prominent systems on which quantum confinement studies have been made most extensively are: 3D confined harmonic oscillator (CHO) and CHA. Variation of energy, eigenfunction, spatial expectation values with respect to the box size of a CHO, inside an impenetrable spherical cavity, was investigated by a wide range of theoretical methodologies, viz., hypervirial treatment, Padé approximation, variational theory, WKB method, supersymmetric approach, proper quantization rule, generalized pseudospectral (GPS) method, etc., [6] [7] [8] [9] [10] . Many interesting phenomena occur in this case. For example, the characteristic degeneracy of free isotropic harmonic oscillator is removed; equal energy separation between two successive levels of respective free system disappears; a new kind of accidental degeneracy emerges whereby, for a particular radius of confinement, energies of two CHO states coincide, and many others. Likewise, for CHA, an enormous amount of work exists to study numerous properties like energy, pressure, dynamic polarizability, hyperfine splitting constant, dipole shielding factor, excited-state life time, density derivative at the nucleus, etc. A vast array of methodologies are proposed; some notable ones are perturbation method, Padé approximation, WKB method, hypervirial theorem, Hartree-Fock self-consistent with Slatertype orbital bases, variational method, super-symmetric approach, Lie-algebraic treatment, asymptotic iteration method, GPS, etc., [11] [12] [13] [14] [15] [16] [17] . An interesting aspect is that, binding energy of a CHA decreases as confining radius decreases, becoming zero at a certain critical radius. For various other features, consult the references and therein.
In this work, we are interested in confinement of a few selected 1D systems, viz., linear isotropically confined harmonic oscillator (CHO), quartic and inverted oscillator. The former was studied by a number of workers employing a variety of techniques. In some of the oldest attempts [18, 19] , effect of finite boundaries on energy levels was reported in terms of confluent hyper-geometric functions. Later it was followed up in [20] , who advocated a semiclassical WKB method and found that eigenvalues reduce to respective unbounded oscillator values if classical turning points are inside the potential enclosure and not near the walls. Also, they become plane-wave box eigenvalues when the separation of turning points is large compared to the size of box. Subsequently, a series analytical solution [21] was offered for eigenvalues by restricting center of oscillator at the center of potential cavity. Eigenvalues were numerically presented as roots of a polynomial as well [22] . Padé approximants constructed as interpolations between perturbative and asymptotic solutions were proposed in [23] . Diagonal hypervirial relations [24] as well as hypervirial perturbative method [25] were proposed. Approximate wave functions were constructed as linear combination of twoterm even and odd polynomials [26] . Multi-well polynomial oscillators were treated by a Rayleigh-Ritz variational method with a trigonometric basis set [27] . Numerical solutions were offered which converge to corresponding unbounded solutions, in the norm of Hilbert space [28] . CHA and confined quartic oscillators were investigated by means of WKB and modified airy function method [29] . Highly accurate eigenvalues for N-dimensional CHO were published in [9] by finding the zeros of hyper-geometric function numerically. Eigenvalues and Einstein coefficients were obtained by power-series method [30] , perturbation methods [31] . Coherent states associated with CHO in 1D were examined as well [32] .
All the above works deal with symmetric confinement however, and studies on asym-metric confinement has been rather very few. For example, energy spectrum and Einstein coefficients in asymmetric CHO were offered by a power series method [30] , a perturbative approach [33] . Along with the symmetric confinement, we pay special attention to asymmetric case here. Another interesting candidate for confinement is inverted (or repulsive)
oscillator. Both harmonic and inverted oscillator potentials are produced simultaneously inside an ideal Penning trap to confine charged particles [34] . Although these two oscillators are mathematically very much alike in the sense that solutions of one can be obtained almost directly from other, there are important physical differences between the two. Thus, while a free harmonic oscillator offers discrete, equidistant, non-degenerate energy spectrum with square-integrable wave functions, latter gives rise to doubly-degenerate continuous energies whose eigenfunctions are not square-integrable. The latter has important applications in instability model, 2D string theory, a model for early time evolution, etc., [35] . Many other characteristic features including time-dependent (TD) extensions could be found in references [35, 36] . However, only two attempts are known so far for their confinement, viz., an algebraic approach [37] , a Padé approximation of perturbative and asymptotic solution [23] .
In this work, we make an attempt to understand confinement in this system as well.
Our methodology is based on an imaginary-time propagation (ITP) scheme, which provides accurate bound-state solutions by transforming the TD Schrödinger equation (SE) in imaginary time into a diffusion equation. The latter is solved numerically in conjunction with a minimization of energy expectation value to hit the global minimum. This procedure was initially proposed several decades ago and thereafter was successfully applied to a number of systems invoking several different implementation schemes [38] [39] [40] [41] [42] [43] [44] . The present implementation has been successfully used in a few free systems, such as ground states in atoms, diatomic molecules within a quantum fluid dynamical density functional theory [45, 46] , low-lying states in harmonic, anharmonic potentials in 1D, 2D, as well as spiked oscillator [47] [48] [49] [50] [51] . However, this scheme has never been attempted in confinement situations. 
II. THE ITP METHOD FOR A QUANTUM CONFINED SYSTEMS
In this section, we give an overview of the ITP method as employed here for a particle under confinement. More complete account could be found in the references [45] [46] [47] [48] [49] [50] [51] . Our starting point is TDSE, which for a particle under the influence of a potential V (x) in 1D, is given by (atomic unit employed unless otherwise mentioned),
Hamiltonian operator contains the usual kinetic and potential energy operators. This method is, in principle, exact. Here and in following sections, equations are given for 1D
problems; extension to higher dimension is straightforward (see e.g., [50] for application in 2D). This work considers effect of finite boundaries in three 1D potentials, viz.,
x 4 , corresponding to harmonic, repulsive, quartic oscillators respectively. Last term is introduced to produce the effect of confinement by centrally enclosing the oscillator inside two infinitely high, hard impenetrable walls (for asymmetric confinement, see later),
Equation (1) can be written in imaginary time, τ = it (t is real time) to obtain a nonlinear diffusion-type equation resembling a diffusion quantum Monte Carlo equation [52] ,
One can write its formal solution as,
If the initial guessed wave function ψ(x, τ ) at τ = 0, is propagated for a sufficiently long time, it will converge towards the desired stationary ground-state wave function; lim τ →∞ ψ(x, τ ) ≈ c 0 ψ 0 (x)e −ǫ 0 τ . Thus, provided c 0 = 0, apart from a normalization constant, this leads to the global minimum corresponding to an expectation value ψ(x, τ )|H|ψ(x, τ ) .
The numerical solution of Eq. (3) can be obtained by using a Taylor series expansion of ψ(x, τ + ∆τ ) around time τ as follows,
Here, exponential in right-hand side refers to the time-evolution operator, which propagates diffusion function ψ(x, τ ) at an initial time τ to an advanced time step to ψ(x, τ + ∆τ ).
Since this is a non-unitary operator, normalization of the function at a given time τ does not necessarily preserve the same at a future time τ + ∆τ . Transformation of Eq. (5) into an equivalent, symmetrical form leads to (j, n signify space, time indices respectively),
A prime is introduced in above equation to indicate the unnormalized diffusion function.
Taking the full form of Hamiltonian from Eq. (1), one can further write,
where the spatial second derivative has been defined as
dx 2 . Now, expanding the exponentials on both sides, followed by truncation after second term and approximation of second derivative by a five-point difference formula [53] (∆x = h) leads to,
yields a set of N simultaneous equations, as follows,
After some straightforward algebra, the quantities α j , β j , γ j , δ j , ζ j , ξ n j are identified as,
Discretization and truncation occur on both sides; hence there may be some cancellation of errors. Here, ψ ′ (n+1) denotes unnormalized diffusion function at time τ n+1 at various spatial grid points. Quantities like α j , β j , γ j , δ j , ζ j are expressed in terms of space and time spacings; the potential term appears only in γ j and ξ n j . The latter also requires knowledge of normalized diffusion functions ψ
at a previous time τ n . This equation can be further recast in a convenient pentadiagonal matrix form as follows,
. . .
This matrix equation can be easily solved for {ψ ′ (n+1) } using standard routine, e.g., iteratively. The trial functions for even and odd states were selected as simple Gaussian functions such as e −x 2 and xe −x 2 respectively. Various integrals were evaluated by means of standard Newton-Cotes quadratures [53] .
III. RESULTS AND DISCUSSION
Before considering general confinement situation, at first, however, it may be prudent to illustrate the convergence of ITP results with respect to grid parameters for some sample cases. For this purpose, Table I gives our obtained ground-state energies for attractive quadratic potential when confined within hard walls of different sizes; viz., R = 0.5 (small box) and 5 (large box). Note that all entries in this and following tables are given in atomic units unless otherwise stated; also the reported quantities are truncated instead of rounded-off. Moreover, all calculations employ quadrupole precision. As evident, one can produce reasonably good-quality results even for as small as 101 spatial grid points. However, adjusting grid spacings and points, energies could be systematically improved to attain very good accuracy, if desired. Qualitatively similar conclusions hold for other instances. Now, energy levels of a 1D CHO in an impenetrable box is presented. For a symmetrical box of size 2R, the boundary conditions on wave functions are: ψ(x = −R) = ψ(x = R) = 0. Table II [23] . In their calculation, dimension of the matrix varied with R; reported eigenvalues were obtained by employing 35 × 35 matrices. Later, more precise energies were offered in [30] and [9] . Decent results were also provided in [33] through perturbation theory. Our present results either completely match with these reference values or show very slight deviation. It is interesting to note that for smaller box, kinetic energy increases very sharply (since it is inversely proportional to square of R) dominating over the quadratic potential. Thus in this situation, eigenenergy has maximum contribution from the former; energy spectrum more closely resembles a "free particle in a box" problem than than that of an unconfined harmonic oscillator. However, as box size increases, lower energy levels become similar to those of free harmonic oscillator, but the higher energy levels remain similar to those of free particle in a box [33] . For small box size (R < 1.5), energy levels remain close to corresponding eigenvalues of free particle in a box of same size; the harmonic oscillator, in this case, is just a perturbation. On the other hand, for R > 5 or so, energies converge to that of the unconfined harmonic oscillator, as one expects. In fact, following a similar argument, 1D CHO has been proposed to serve as possibly one of the simplest examples of a two-mode system [55] . It consists of two exactly solvable limits, viz., the 1D harmonic oscillator and particle in a 1D box, where each has its own characteristic spectral feature and represent two different excitation modes of system. Table III , first six eigenvalues of negative quadratic oscillator symmetrically constrained inside an impenetrable box are presented. Once again, we consider a variety of confining length including small, medium and large box sizes. As mentioned earlier, [24, 30, 33] . Thus the respective time-independent SE is given as:
Next in
where the effect of confinement is introduced as follows: V (x) = +∞, for |x| ≥ R and long times ago in [56] ; compact recursion relations for power series coefficients of odd, even wave functions were obtained which were easily amenable to numerical computations through some iteration scheme. Later next year somewhat improved energies were published through a hypervirial perturbative approach [57] . Both these are available for all four states having box lengths 1 and 2. As observed in bounded harmonic oscillator, for a given n, eigenvalues increase in magnitude as the box is made smaller. The extent of this increase is larger as the box length is reduced. For even states, eigenvalues of corresponding unbounded oscillator were reported with very good accuracy in [27] ; these authors employed a RayleighRitz variation method with trigonometric basis set. Note that their energies of Table 1 are quoted after dividing by a 2 factor. As observed, the energies of confined system readily converge to that of corresponding free systems. Lower states reach the energies of respective bound states for a smaller value of R compared to higher states, which require a relatively larger R. According to [27] , this critical distance for lowest two even states are estimated to be 5.5, which seems to be corroborated by our calculation.
IV. CONCLUSION
An imaginary-time evolution method has been employed to the problem of quantum confinement inside a hard impenetrable wall in 1D. accurate, easy to implement numerically and independent of basis sets. Further extension of the approach in other situations such as spherical confinement, higher dimensions and many-electron systems will strengthen its success, some of which may be taken up in future.
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